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ON STATIC THREE-MANIFOLDS WITH 
POSITIVE SCALAR CURVATURE 

LUCAS AMBROZIO 


Abstract. We compute a Bochner type formula for static three-mani¬ 
folds and deduce some applications in the case of positive scalar curva¬ 
ture. We also explain in details the known general construction of the 
(Riemannian) Einstein (n-|-l)-manifold associated to a maximal domain 
of a static n-manifold where the static potential is positive. There are 
examples where this construction inevitably produces an Einstein met¬ 
ric with conical singularities along a codimension-two submanifold. By 
proving versions of classical results for Einstein four-manifolds for the 
singular spaces thus obtained, we deduce some classification results for 
compact static three-manifolds with positive scalar curvature. 


1. Introduction and statements of the main results 

Let {M^,g) be a complete Riemannian manifold. A static potential is a 
non-trivial solution V G C°°{M) to the equation 

HesSgV — AgV g — VRiCg = 0. (1) 

Riemannian manifolds admitting static potentials are very interesting geo¬ 
metric objects which arise in different contexts. For instance, the left hand 
side of ([1]) defines the formal adjoint of the linearisation of the scalar curva¬ 
ture and the existence of static potentials plays an important role in prob¬ 
lems related to prescribing the scalar curvature function (see [Mj, [Hj and 
also [ 21 ] )• On the other hand, given a solution to ([T|) in a three-manifold it 
is possible to construct a space-time satisfying the vacuum Einstein equa¬ 
tions (with cosmological constant), whose properties, physically interpreted, 
justify the name static (see, for example, |55|). 

The existence of a static potential imposes many restrictions on the geom¬ 
etry of the underlying manifold. For instance, its scalar curvature must be 
constant and the set of zeroes of V is a totally geodesic regular hypersurface 
|14j . It might seem reasonable to believe that a description of all Riemann¬ 
ian manifolds admitting a static potential is possible. In dimension n = 3, a 
solution to this classification problem seems to be more likely (because the 
Ricci tensor determines completely the Riemann curvature tensor) and has 
also physical interest (since n = 3 is the relevant dimension in the General 
Theory of Relativity). 


The author was supported by CNPq-Brazil. 
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Definition. A static triple is a triple {M^,g,V) consisting of a connected 
n-dimensional smooth manifold M with bonndary dM (possibly empty), a 
complete Riemannian metric g on M and a static potential V G C°°{M) that 
is non-negative and vanishes precisely on dM. Two static triples {Mi,gi, Vi), 
i = 1,2, are said to be equivalent when there exists a diffeomorphism (j) : 
Ml —M 2 such that (t)*g 2 = cgi for some constant c > 0 and V 2 o cj) = XVi 
for some constant A > 0. 


In other words, a static triple is a maximal connected domain where a 
static potential is positive, and two static triples are equivalent when they 
are isometric (up to scaling) with proportional static potentials. The classi¬ 
fication problem is to describe all equivalence classes of static triples. 

The literature on the subject is extensive and many classification results 
are known particularly in the zero and negative scalar curvature cases (for 

example, see m, m, IS], m, m and m, isi, m, 0, m, m, uni)- 

In this work we focus on three-dimensional static triples with positive 
scalar curvature. 

Fischer and Marsden |24] conjectured that the standard unit round spheres 
{S'^,gcan) are the only closed Riemannian manifolds with scalar curvature 
n(n — 1) admitting static potentials. In fact, the linear combinations of the 
coordinate functions are all solutions to ([I|) in {S^,gcan)- This conjecture 
was soon realized to be too optimistic. Kobayashi [35| and Lafontaine |38] 
proved more generally a classification result for locally conformally flat static 
triples in all dimensions. We state their result in dimension n = 3 as follows. 


Theorem 1 (Kobayashi [35|, Lafontaine [38]). Let {M^,g,V) be a static 
triple with positive scalar curvature. If {M^,g) is locally conformally flat, 
then {M^,g,V) is covered by a static triple that is equivalent to one of the 
following static triples: 

i) The standard round hemisphere, 

j,_, Pcani^ — X-a+l) ■ 

ii) The standard cylinder over S'^ with the product metric. 


^ ^ I Sprod — dt ' 

Hi) For some m G (0, ^^), the triple 


vr 

"■7SJ 


[rh{m),rc{m)] x S‘^,gm = 


dr^ 


I J.2 2m 


+ r gcan, Vm = \ 1-r^ - 


2m\ 
r j 


where rh{m) < rflm) are the positive zeroes ofVm- 


Remark 1. A static triple {M'^,g,V) covers a static triple {M'^,g,V) when 
there exists a covering map vr : M —)• M such that g = Mg and V = V o n. 
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Remark 2. We have normalized the scalar curvature of the examples above 
to be 6. They are sometimes referred as (time-symmetric slices of) the 
de Sitter space, the Nariai space and the Schwarzschild-de Sitter spaces of 
positive mass m, respectively (see m)- 

Remark 3. The three types of locally conformally flat manifolds described 
above can be distinguished from the behaviour of their Ricci tensor. The 
round sphere is an Einstein manifold, the standard cylinder has parallel Ricci 
tensor but is not Einstein, and the Schwarzschild-de Sitter spaces of positive 
mass are locally conformally flat but do not have parallel Ricci tensor. 

In dimension n = 3, the above list contains all known examples of com¬ 
pact simply connected static triples with positive scalar curvature. Qing 
and Yuan m proved uniqueness of these examples assuming a weaker hy¬ 
pothesis on the Cotton tensor. 

It is interesting to observe that precisely two more examples can be ob¬ 
tained as quotients of the standard cylinder, one of them non-orientable 
with two boundary components, the other one orientahle with connected 
boundary (see their description in the end of Section 7). One should think 
about this last example in the context of the “cosmic no-hair conjecture” 
suggested in m and correctly stated in [H]. The existence of examples with 
more than two boundary components was also speculated in m- In any 
case, the question remains whether the standard round hemisphere is the 
only compact simply connected static triple {M^,g,V) with positive scalar 
curvature and connected boundary. 

An important result towards the answer to this question states that the 
standard hemisphere has the maximum possible boundary area among static 
triples with positive scalar curvature and connected boundary. More pre¬ 
cisely, the following theorem holds. 

Theorem 2 (Boucher-Gibbons-Horowitz [T^, Shen [54]). Let {M^,g,V) he 
a compact oriented static triple with connected boundary and scalar curvature 
6. Then dM is a two-sphere whose area satisfies the inequality 

\dM\ < dvr. 

Moreover, equality holds if and only if {M^,g,V) is equivalent to the 
standard hemisphere. 

This theorem was also generalized to allow more boundary components 
(for the precise statement, see Section 2, Proposition [6|). Hijazi, Montiel 
and Raulot |33] established a similar result that involves a inequality for the 
first eigenvalue of the induced Dirac operator of each boundary component. 

Theorem [2] has some remarkable interpretations. The inequality for the 
area of the boundary can be thought as a Penrose like inequality in the 
context of positive scalar curvature (as suggested in my The rigidity phe¬ 
nomenon associated to the equality case is related to Min-Oo’s Conjecture, 
which is known to be false after the work of Brendle, Marques and Neves 
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m- In view of that, Theorem [2] gives an interesting rigidity result for the 
standard round hemisphere under a nice extra geometric assumption (for 
related results, see for example m, m and [42]). 

In this paper we prove some classihcation results for static three-manifolds 
with positive scalar curvature. In particular, we obtain a stronger version of 
Theorem [2] that includes the oriented static quotient of the standard cylin¬ 
der in the picture. Our results may also be used to rule out some possible 
new examples of compact static triples with positive scalar curvature. 

The main ingredient is a Bochner type formula, which holds for any 
three-dimensional static triple. Let R denote the scalar curvature, Ric = 
Ric — {R/3)g denote the trace-free part of the Ricci tensor and C denote 
the Cotton tensor of C is the 3-tensor defined by 


C{X,Y,Z) = {VzRic){X,Y) - {VYRic){X,Z) 

- ^{dR{Z)g{X,Y) - dR{Y)g{X,Z)) 

for all X,Y,Z G X{M). A classical result asserts that {M^,g) is locally 
conformally flat if and only if its Cotton tensor vanishes (see [8] , Chapter 4, 
Section 3.2). 

If {M^,g) admits a static potential V, we prove the following identity: 


1 


diviVVlRicl"^) = iVRzcp + 


|C|^ 


V + ( RlRicI^ + 18det(Ric)) V. (2) 


Assuming a pointwise inequality for the traceless Ricci tensor we deduce 
the first consequence of formula ([^. 


Theorem A. Let (M^,g, V) be a compact oriented static triple with positive 
scalar curvature. If 

\Ric\‘^ < 

then one of the following alternatives holds: 

i) Ric = 0 and {M^,g, V) is equivalent to the standard hemisphere; or 
ii) \Ric\‘^ = Rf'/tS and {M^,g,V) is covered by a static triple that is 
equivalent to the standard cylinder. 


In the next applications we work with the singular Einstein manifold that 
can be constructed from a static triple. The general construction has already 
been discussed in the literature (for instance, in |27j and (Ej). When not 
singular, the obtained Riemannian manifolds are sometimes called gravita¬ 
tional instantons, although this terminology might be confusing. 

As mentioned before, as a general fact, given a static triple {M^,g,V) 
with scalar curvature R = en(n — 1), e G { — 1,0,1}, the metrics 

h± = ±V‘^dt'^ -|- g 

satisfy the Einstein equation Rich± = enh±. While the Lorentzian metric 
h- has no singularities on M x dM (as the vanishing of V only means that dt 
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is a light-like vector on this set), the Riemannian metric /i+ becomes singu¬ 
lar on M X dM. One way to overcame this problem could be to identify the 
variable t with period 27r (as done in m and [27]). When this procedure 
removes the metric singularity, one obtains precisely the Einstein manifolds 
studied by Seshadri [52]. However, although metric singularities might be 
inevitable, the singular space obtained is well-behaved: it has a cone-like 
singularity along a codimension-two submanifold. 

This type of singular space, sometimes called an edge space, has been long 
studied in the literature and its theory presents many interesting geometric 
and analytical phenomena. For instance, there has been very recent progress 
in understanding the Yamabe problem in these spaces, see the work of Aku- 
tagawa, Carron and Mazzeo [T] and Mondello [36]. On the other hand, clas¬ 
sical formulas like the Gauss-Bonnet-Chern formula for closed 4-manifolds 
have generalizations to these spaces, see the work of Liu and Shen [3T] (and 
also the work of Atiyah and LeBrun [9]). For a comprehensive exposition 
on singular Riemannian spaces of stratihed type, see |48j . 

In the second part of this paper, after describing carefully the above con¬ 
struction and the properties of the singular metric /i+ (see Section 6), we 
argue that part of the classical Bonnet-Myers Theorem and a deep theorem 
of Gursky [30] on Einstein four-manifolds with positive scalar curvature hold 
for the singular Einstein manifolds obtained from a compact static triple 
with positive scalar curvature. As a consequence, we prove two results. 

The hrst one gives a description of the topology of compact static triples 
(M^, g,V) with positive scalar curvature. It is inspired by the work of Gal¬ 
loway [25j on the topology of black holes and generalizes results of [52]. 
Before stating it, we recall that a closed minimal surface T? in is 

called stable when the second variation of the area is non-negative for all 
variations, and unstable otherwise. 

Theorem B. Let {M^,g, V) be a compact oriented static triple with positive 
scalar curvature. Then 

i) The universal cover of M is compact. 

ii) If dM contains unstable connected components, then dM contains 
exactly one unstable connected component. In this case, M is simply 
connected. 

in) Each connected component of dM is dijfeomorphic to a sphere. 

Remark 4. Regarding the classihcation problem of compact static triples 
with positive scalar curvature, item i) above allows to assume simply con¬ 
nectedness without loss of generality. 

The second result can be seen as a gap result for compact static triples 
{M^,g,V) with positive scalar curvature. 

Theorem C. Let {M^,g,V) be a compact simply connected static triple 
with scalar curvature 6. Then, one of the following alternatives holds: 
i) {M^,g,V) is equivalent to the standard hemisphere; or 
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a) {M^,g,V) is equivalent to the standard cylinder; or 
in) Denoting by diM, i = 1,... ,r, the connected components of dM and 
by ki the (constant) value of |Vy| on diM, the following inequality 
holds: 

r . r 

'^ki\diM\ < Y 

i=l i=l 

Remark 5. This theorem should be compared with Theorem B in [30]. In 
fact, when the associated Einstein manifold to a static triple satisfying the 
hypotheses of Theorem C has no singularities, the result is a direct corollary 
of that theorem (see Section 6 for more details). 

Remark 6. The inequality in Hi) is invariant under rescaling of the static 
potential. Theorem C is sharp in the sense that one can explicitly verify 
that: 

i) For the standard cylinder, ki = k 2 and |9iM| = |cl 2 Tf| = 47r/3. 
ii) For the Schwarzschild-de Sitter spaces of mass m G (0, l/3\/3), 

ki\diM\+k2\d2M\ 

ki + k2 

is an increasing function of m which converges to 0 as m 0 and to 
47r/3 as m —>■ l/3\/3. Moreover, |9iM| < 47r/3 < |92-M| and ki > k 2 
for all m G (0, l/3\/3). 

As an immediate application, we can state 

Theorem D. Let {M^,g,V) be a compact simply connected static triple 
with connected boundary and scalar curvature 6. If 

Att 

\dM\ > 

then {M^,g,V) is equivalent to the standard hemisphere. 

Another corollary of the previous results is the following 

Theorem E. Let {M^,g, V) be a compact static triple with scalar curvature 
6 and non-negative Ricci curvature. Then {M^,g,V) is equivalent to the 
standard hemisphere or is covered by the standard cylinder. 

In fact, in this case, one can see using the Gauss equation that each 
component of dM is a totally geodesic two-sphere with Gaussian curvature 
K < 3, hence each component has area greater than or equal to An/3. 

The paper is organized as follows. After reviewing some basic material 
on static triples (Section 2), we deduce some formulas for the Gotten tensor 
of such triples (Section 3) and prove the Bochner type formula ([2]) (Section 
4). Theorem A is proven in Section 5. In Section 6 we describe the associ¬ 
ated singular Einstein manifold and briefly discuss some of its geometric and 
topological properties. In Section 7 we prove the topological classification 
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Theorem B. The remaining two sections are devoted to the proof of Theorem 
C. The proof mimics the arguments of Gursky in m, which involve obtain¬ 
ing the solution to a Yamabe type problem and the Gauss-Bonnet-Chern 
formula for closed oriented four-manifolds. Technical work is needed to jus¬ 
tify why these arguments also work for the singular Einstein four-manifold 
associated to a compact three-dimensional static triple. The paper ends af¬ 
ter three appendixes. The first one contains the proof of a key inequality 
used in Section 8. Then we classify certain solutions to an equation of type 
HessV = {AV/2)g in a compact surface, a result needed in Section 7. The 
last appendix discusses the regularity properties of the solution to a degen¬ 
erate elliptic problem that appeared in the proof of Proposition [2TJ 

Acknowledgements: I am grateful to Fernando Coda Marques, Harold Rosen¬ 
berg and Andre Neves for their encouragement, for interesting conversations 
and for their kind interest in this work. I was supported by CNPq-Brazil. 

2. General properties of static triples 

This section is intended to present some basic properties of static mani¬ 
folds that will be frequently used latter (see also [2T]1. 

Let be a complete Riemannian manifold. A static potential is a 

non-trivial solution V E C°°{M) to the second order overdetermined elliptic 
equation 

HesSgV — AgV g — VRiCg = 0. (3) 

Equation ([3]) is equivalent to a useful system of equations. Moreover, the 
set of zeroes of V has a very special geometry. 

Lemma 3 ([ 21 ], [H])- The static equation ^ is equivalent to the equations 

HesSgV = V{RiCg - Kg), (4) 

AgV + KV = t), (5) 

where the scalar curvature Rg = {n — 1)A is constant. Moreover, if {M^,g) 
admits a static potential V E C°°{M), then 

i) 0 is a regular value of V; 
ii) {V = 0} is totally geodesic; and 
Hi) |VE| is locally constant and positive on {V = 0}. 

Proof, (see |2T]) Taking the trace of dSj), we obtain 

AgV + ^^V = 0. (6) 

n — 1 

The equivalence between ([2D and the system ([3D, ([SD follows immediately. 
To prove that Rg is constant, we observe that the divergence of ([3D gives 

VdRg = 0, (7) 
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as can be seen by the Ricci formula for commuting derivatives and the 
contracted second Bianchi identity 2divgRicg = dRg. Considering the ho¬ 
mogeneous ODE satisfied by the restriction of V to geodesics (which follows 
from ([4])), we conclude that if W{p) = 0 at p G {V = 0}, then V must 
vanishes identically near p. By analytical continuation of solutions to the 
elliptic equation ([4]), V must vanish identically, a contradiction. Thus, 0 is 
a regular value of V and hence, by ([7]), R must be constant. The remain¬ 
ing assertions follow because the second fundamental form of the level set 
{V = 0} and the derivative of |VRp on {V = 0} depends on HessV, which 
is zero on this set by (jH). □ 

The above proposition implies that static triples as defined in 

the Introduction have constant scalar curvature and totally geodesic bound¬ 
ary. When dealing with the classification problem, one can therefore assume 
(M”, g, V) has scalar curvature R = en{n — 1) for some e G {—1,0,1}. The 
constant value of |VR| on a connected component of dM is sometimes called 
the surface gravity of the component (as in [27]). 

As a consequence of the Maximum Principle, the following result holds 
for compact static triples. 

Proposition 4 ([24|, [H] ). Let {M"',g,V) be a static triple with scalar 
curvature R = en{n — 1), e G {—1,0,1}. 

i) If M is closed, then V is a positive constant and (M, g) is Ricci-flat, 
ii) If M is compact and dM is non-empty, then R > 0 and n is the first 
Dirichlet eigenvalue of the Laplacian of{M,g). 

Proof. If M is closed, Hopf’s Maximum Principle implies that R is zero and 
V is constant. Thus, the static equation ([3]) becomes Ric = 0. If M is 
compact and dM 0, Rj{n — 1) is an eigenvalue of the Laplacian for the 
Dirichlet problem in {M,g), by equation (|3|). Hence, it is positive. Since V 
does not change its sign, R/{n — 1) is the first eigenvalue. □ 

Regarding the classification problem of static triples, item ii) of Proposi¬ 
tion m has a useful consequence. In order to verify that two compact static 
triples with the same scalar curvature are equivalent it is enough to verify 
that they are isometric because, as first eigenfunctions, the static potentials 
must be proportional to each other in that case. 

Given a static triple [M"^,g, V) with scalar curvature R = en{n — 1), the 
function |VPp -|- eV^ plays an important role. If {M^,g) is Einstein, in 
which case the static equation reduces to Obata’s equation HessV = —eVg 
m, it is possible to verify that this function is constant. The following 
proposition shows the converse. More generally, we have 

Proposition 5. Let {M'^,g, V) he a static triple with scalar curvature R = 
en{n — 1), e G {—1,0,1}. Then the function 

|VI/|2 + ep2 
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does not achieve a non-negative maximum in M \ dM unless it is constant 
and {M^,g) is Einstein. 

Proof. Using the Bochner formula, one proves Shen’s identity [54j . 

div (^^d (|VU|2 + eV^)'^ = 2V\Ric\‘^, ( 8 ) 

and applies Hopf’s Maximum Principle. □ 


Integrating (l 8 |) on a compact three-dimensional static triple, one obtains 
a fundamental formula that can be used to prove Theorem [2j 


Proposition 6 ([M])- {M^,g,V) be a compact oriented static triple 

with scalar curvature R = 6. Denoting by diM,... ,drM the connected 
components ofdM and by ki the value o/|VU| on diM, the following formula 
holds: 


y2ki\diM\+ [ 

i=l 


\Ric\^VdyL 


2vr^/cix(9iM), 

^=1 


(9) 


where x{diM) denotes the Euler characteristic of diM. 


Proof. By Shen’s identity ([5]), the vector field 

^ = ^V(|VU|2 + u2) 

is such that divX = 2V\Ric\‘^ on M. Moreover, as can be seen using the 
static equation (j3|), X = 2{Ric{W, —) — 2VU). The Gauss equation for the 
totally geodesic boundary dM gives 


A- = « - Ri, MIG 3 - Ric 

2 Vlvri’ivv'i; V|vi/nvr|y 


where K denotes the Gaussian curvature of dM. Observing that the outward¬ 
pointing normal to dM is — VU/|VU|, we integrate ([ 8 ]) to obtain 


[ V\Ric\‘^dn = ]- j divXdp. = 1: [ g(x, da = 

Jm 2 Jqj^ \ \yV\J 

^ im' ^ 

Formula Q follows now by the Gauss-Bonnet theorem. □ 


In order to understand the behaviour of the static potential near dM, we 
compute the expansions of V and |VU| along a normalized geodesic issuing 
from dM orthogonally. 

Proposition 7. Let {M'^,g, V) be a static triple with scalar curvature R = 
en(n — 1), e G {—1,0,1}. Given p € dM, let 7 : [0, e) —>• M be the normalized 
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geodesic such that 7 ( 0 ) = p and 7 ^( 0 ) is the unit normal to dM pointing 
inside M. Then the following expansions hold as s goes to zero: 

V^o-f{s) = \VV\'^{p){s‘^ + ^{Ricij’{0)) - en)s‘^ + 0{s^)), (10) 

|VF |2 o 7 (s) = \VVWp)il + (ffic( 7 '( 0 ), 7 '( 0 )) - en)s‘^ + 0{s^)). ( 11 ) 

Proof. Without loss of generality, we can assume that |Vy|(p) = 1, so that 
7 '( 0 ) = W{p). We need the formulas obtained by taking successive deriva¬ 
tives of the static equation dH): 

HessV = V {Ric — eng), 

VHessV = {Ric — eng) © dV + Ric, 

HessV = V{Ric — eng) © {Ric — eng) + W^Ric + T, 
where T depends on VRic and dV. 

For p E dM, we claim that VRic{W,W,W){p) = 0. In fact, given an 
orthonormal basis {ei,..., Cn-i, VF {p)} of TpdM, since (M, g) has constant 
scalar curvature, the contracted second Bianchi inequality implies 
dR n—i 

0 = — = divRic{VV) = Y,i^eiRic){VV,ei) + {Vs/vRic){VV,VV). 

i=l 

On the other hand, since dM is totally geodesic, Codazzi equation implies 
RiclyV, Cj) = 0 for all i = 1,..., n — 1, and therefore X](^ei-R*c)(VB, e*) = 
0. This proves the claim. 

Hence, at the point p € dM, 

HessV {VV,VV){p) = 0, 

{VHessV){VV,VV,VV){p) = Ric{VV,VV){p) - en, 
{V^HessV){VV, VH, VH, VV){p) = 0. 

The result follows now by a direct computation using the above formulas. 

□ 

As a consequence of the Propositions [5] and [71 we obtain some control 
on the behaviour of the curvature of the boundary component where the 
function |VPp + eV^ attains a maximum. 

Proposition 8. Let {M‘^,g, V) be a static triple with scalar curvature R^ = 
en{n — 1), e E {—1,0,1}. If |VPp + eV^ attains a maximum at a boundary 
eomponent diM, then diM has scalar curvature greater than or equal to 
e{n — l)(n — 2 ). 

Proof. Since |VP| is constant on each connected component of dM = P”^(0), 
the maximum of |VPp + eV'^ is attained at every point of diM. Let 7 be 
a geodesic issuing from p E diM as in Proposition [71 Then |VPp(p) > 
(I VP|2 + eP2) 07 ( 5 ) = I VP|2(p)(l + (iiic( 7 '( 0 ), 7 '( 0 )) - e{n - l))^^ + 0 ( 5 ^)) 
implies that i2ic(7'(0),7'(0)) < e{n — 1). Since diM is totally geodesic, the 
result follows from the Gauss equation R^^^ = R^ — 2Ric{'^'{Q),^'{Q)). □ 
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We finish this section with a result about the Jacobi operator of a minimal 
hypersurface S in {M^, g,V). We denote hy N a unit vector field normal 
to S and by A the second fundamental form of S given by A = g{'V 
for all X,Y tangent to S. 

Proposition 9. Let g,V) be a static triple. Let he an immersed 

compact hypersurface in M. Then the Jacobi operator of S is such that 

CtM := AsF + {Ric{N, N) + \A\‘^)V = -g{VV, H) + |^| V. 

Proof. Since Am/ = As/ + giVf,H) + Hessf{N,N) for every function 
/ G the formula for Cy.V follows from the static equation ([3]). □ 


3. The Cotton tensor of a three-dimensional static triple 


We deduce some identities satisfied by the Cotton tensor of three-dimen¬ 
sional static triples. They will be used in the proof of the Bochner type 
formula ([2]) in the next section. It may be interesting to compare the com¬ 
putations carried out in this section and in the following one with the more 
general computations related to conformal flatness of |50] . 

Let {M^,g) be a Riemannian three-manifold. The Riemann curvature 
tensor is completely determined by the Ricci tensor. In fact, 

Rm= (^Ric-^g^ Qg= (^Ric+^g^ Qg, (12) 

where AqB denotes the Kulkarni-Nomizu product of symmetric two-tensors 
given in coordinates by {AQB)ijki = Ai^Bji - AuBj^ - AjkBu + AjiBik (see 

m)- 

The Cotton tensor of {M^,g) is defined by 


C{X,Y,Z) = {VzRic){X,Y) - (Vyffic)(X,Z) 

- ^{dR{Z)g{X,Y) - dR{Y)g{X,Z)) 

for all X,Y,Z G X{M). If R G C°°{M) is a static potential in {M^,g), the 
Cotton tensor has a particularly simple expression. 


Lemma 10. Assume (M^,g) admits a static potential V G C°°{M). Let 


HessV = LfessV — 


AR 

~ 3 ~ 


g 


denote the traceless part of the Hessian of V and let T be the three-tensor 
defined by 


T{X,Y,Z) = {XzHessV){X,Y) - {XYHessV){X, Z) 


for all X,Y,Z £ X{M). Then 


T{X,Y,Z) = -{Ric{X,Y)dV{Z) - Ric{X, Z)dV{Y)) 

- {g{X, Y)Ric{Z, XV) - g{X, Z)jiic{Y, XV)), (13) 
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C(X,Y,Z) = (Vz)(Ric)(X,Y} - (VY)(Ric)(X,Z) 

= y (^T(X,Y,Z) - (Ric(X,Y)dV(Z) - Ric(X, Z)dV(Y))'j . 

(14) 

Proof. Without loss of generality we assume that R = 6e for e G {—1,0,1}. 
The static equations ([1|), dH) can be rewritten in coordinates as 

{HessV)ij = V{Ric)ij, 

{HessV)ij = V-ij = {HessV)ij - eVgij. 

By the Ricci identity for commuting covariant derivatives and (|12ll . we 
obtain formula (fT3t) : 

Rijk — T ^^k9ij) {^;ikj T ^^j9kj) — Rpikj^-^^ T ^{^9ij^',k fl'fcjT}) 

= -{{Ric)ijV-k - {RicjikVj) - {gij{Ric)kpV.P - gik{Ric)jpV.^). 

On the other hand, Cijk = {Ric)ij-k — {Ric)ik-,j, because the scalar curva¬ 
ture is constant. Formula (I14p follows since HessV = VRic. □ 

The norm of the Cotton tensor C can be computed in different ways, each 
way allowing to deduce interesting consequences. For instance, on a regular 
level set S = R“^(c), c > 0 , ICI depends on the norm of the traceless part 
of the second fundamental form of S and on the gradient of |VRp in S (see 
[39] . Formula 14). That computation is useful to prove the classification 
results of [35] and [38] . In the next lemma we show other two formulas that 
will be used in our applications. 

Lemma 11. Assume {M^,g) admits a static potential V G C°°{M). Then 

|C|2 = ^ (8\Ric\^\VV\^ - 12\RiciVV, -)|2) = -lQ,fc(Ric)'^R^ 

In particular, C vanishes at a point p £ M with V{p) 7 ^ 0 if and only if 
W{p) = 0 or Ric has at most two different eigenvalues at p. 

Proof. By Lemma fTUl VCijk = Tijk + Uijk, where 

Rijk — {{RicfjV-k (.Ricf ikV\j) {diji.R^^'jkp^-^^ 9ik{Ric) jpV.^^), 

Uijk {.{R'lU)ij^-,k {R'lU)ik^ij) • 

Thus, since 

\Uf = 2{Ric)ij{Ricy^VpV.P - 2{Ric)jpV./{Ricy'^V.g , (15) 

= 2{Ric)ij {RicY^VpV. P - 4.{Ric)jpV. P{Ricy%q , (16) 

|r|2 = 2{Ric)ij{Ricy^ypV.P - 2{Ric)jpV.P{Ricy<^V.^g , (17) 

we obtain 

vycy = |Tp + 2TijkU^^^ + \uy = {Slmcy - l2\Ric{XV, -)p). 
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Moreover, since Cijk + Cikj = 0, from (fT^ and (fTHl) we have 
-VCi.kiRicfV^ = 

= {2\Ric\\VV\^-3\RiciVV,-)\^) = ^\C\\ 

To finish the proof of the lemma, given p G M with V{p) ^ 0, we 
choose { 61 , 62 , 63 } C TpM an orthonormal basis diagonalizing Ric. Writ¬ 
ing {Ric)ij = Xi6ij and W{p) = X^^^i atCi, we have 

|C|2 = 8\Ric\\p)\VV\Hp) - 12\{Ric){VV,-)\\p) = 

= 4a?(2Ai + 2Ai - A?) + 4ai(2A? + 2Ai - A^) + 4ai(2A? + 2X1 - ^1)- 

Since tr{Ric) = Ai -|- A 2 + A 3 = 0, we obtain 

|C*p = 4ai(Ai -|- 2A2)^ + 4a2(A2 + 2Ai)^ -|- 4a3(Ai — A2)^- 
The last statement of the lemma follows. □ 

4. The Bochner type formula 

Proposition 12. Assume {M^,g) admits a static potential V E C°°{M). 
Then 

1 o o IT'P 

-div{VV\Ric\‘^) = (Ifficp + -^)V + {R\Ric\^ + l8det{Ric))V. (18) 

Proof. Without loss of generality, we rescale the metric in such way that 
R = 6e for some e E { — 1,0,1}. During the computation, we will use the 
static equations written as 

{HessV)ij = V{Ric)ij, (19) 

V-ij = {HessV)ij - eVpij, (20) 

and the fact that Ric is divergence free, which is a consequence of the con¬ 
tracted second Bianchi identity 2div{Ric) = dR = 0. 

We have 

^diviVlRicl"^) = ^^(Vl/, V|ffic|2) + 

= {Ric)ij.p{Ricy^V. P + V\VRicy + Vg{ARic, Ric). (21) 
By the static equations (fT^ and (|20|) . 

{A{HessV))ij = {AV)Ricij + V{ARic)ij + 2{Ric)ij.^pV.P 
=> V{ARic)ij = {A{HessV))ij + 3eV{Ric)ij — 2{Ric)ij.pV.P. (22) 
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Now we compute A(HessV). Following the notations of Lemma [TOl let 
Tijk = {Hess)ij-k — {Hess)ikj- Taking two derivatives of HessV, we obtain 

— (yH G.S sV^ 

= {HessV)ki-ij + R^i^ji{HessV)pi + ■ji{HessV)kp + Tijk-i 
= {HessV)k^j + R^pij{HessV)\ - RpiijiHessV)^^ 

T Tkii'j + Tijk’i- 

Contracting the two last indexes and using (1121) . we have 

{A{HessV))ij = {HessV)\.^^ + Rp^iHessVfi - RpigjiHessVyP 

+ r''. . +r.. 

iq-j ijq-, 

= {Ric)pj{HessVy^ + 2egpj{HessVY^ 

^idpqdij 9pj9iq){R^^^^)'^^ 

- {Ric)pggig{HessVyP + {Ric)pjgig{HessVyP 
+ {Ric)iggpjiHessVyP - {Ric)ijgpg{HessVYP 

+ r''. . +r.. '' 

iq-j ijg- 

= 3eV{RiCij) - Vgij{Ric)pg{Ric) 


qp 


+ 2V {Ric)pj [RicY^ + V {Ric)ig{Ric)j‘^ 

+ r^. . +r.. T 

iq-j ijq- 


(23) 


By Lemma [TOl 

Tijk = -{{Ric)ijVk - {Ric)ikVj) - {gij{Ric)kpVY - gik{Ric)jpVY)■ 
Hence, 

T\g,g = -mic)\V,g - {Ric)\V,i) + {g\{Ric)gpVY - g%{Ric),pVY));j 
= {{Ric)ipVY)j = {Ric)ip.jVY + {Ric)ipVYg 
= {Ric)^p.jVY + {Ric)ip{{He°ssVf^ - eVcY^ 

= {Ric)ip,jV. P + V{Ric)ip{RicY. - eV{Ric)ij. (24) 

Moreover, recalling that (Ric)-^.'^ = 0, we also have 
T^Jq■' = -mc),r'^,g - {Ric\g.;^V^ ) - ((«ic)*,H/ - {Ric),gV./) 

- {gij{Ric)qp.^ - gig{Ric)jp.^)V.P - {gij{Ric)qp - gig{Ric)jp)V.P'^ 

= -{Ric)i^.qV.Y - {-3eV){Ric)ij + {Ric)ig{{HessV)R - 

+ iRic)jp.iV.P - {9ij{Ric)gp - gig{RicYp)i{He°ssVY'^ - eVgP^) 

= eV{Ric)ij + V{Ric)ig{RicY ■ + V{Ric)jp{RicYi 

- Vgij{Ric)pg{RicYP + {Ric)jp,^V. p - {Ric)ij,gV. T (25) 
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Putting together (l23]) . (I2ll) and (l25]l we conclude that 

{A{HessV))ij = 3eV{Ric)ij - 2V{Ric)pq{Ric)P^gij 

+ 3V{{Ric)jp{RicY^ + {Ric)ip{RicY ■) 

+ {{Ric)ip-j + {Ric)jp-i - {Ric)ij-p)VY■ (26) 

Combining (1^ . (12^ and ([2^]) we finally obtain 

]^div{VV\Ric\‘^) = V\VRic\‘^ + QeV\Ric\^ 

+ 3V{{Ric)ip{RicYj + iRic)jp{RicY-)iRicy^ 

- 2{{Ric)ij.p - {Ric)ip,j){RicfV.P 

= V\VRicy - 2Cijp{Ricy^V.P 

+ 6ey|i?fc|^ + 6Vtr{Ric o Ric o Ric). 

To finish the proof, we use Lemma [TTl and observe that if Ai,A 2 ,A 3 are 
the eigenvalues of Ric at some point of M, then Ai + A 2 + A 3 = 0 implies 

tr {Rico Rico Ric) = Af + A| + A| = — 3 A 3 A 2 — 3 A 1 A 2 = 3 A 1 A 2 A 3 = 3det{Ric). 

□ 

5. Proof of Theorem A 

Theorem 13. Let {M^,g, V) be a compact oriented static triple with positive 
scalar curvature. If < R? jtd, then one of the following alternatives 

holds: 

i) Ric = 0 and {M^,g,V) is equivalent to the standard hemisphere; or 
ii) \Ricy = R^/6 and {M^,g,V) is covered by a static triple that is 
equivalent to the standard cylinder. 

Proof. Using Lagrange’s multipliers method, one proves that every symmet¬ 
ric traceless linear endomorphism A : —>■ satisfies 

54(det(A))2 < |A|6, 

with equality if and only if A has at most two distinct eigenvalues. Hence, 
since V is non-negative, the last two terms of the Bochner type formula (|18l) 
satisfy the inequality 

{R\Ric\‘^ + l8det{Ric))V >{R- V6\Ric\)\Ric\‘^V, (27) 

with equality at p & M \ dM if and only if Ric{p) has at most two distinct 
eigenvalues. Since V vanishes on dM, integrating (1181) on M and using (|27p 
we obtain 

0 > y VdpL + J (^R- VQ\Ric\^ |i2m|Vd/x. 

Our assumptions therefore imply that {M^,g, V) is a locally conformally 
flat static triple with parallel Ricci tensor, which either satisfies Ric = 0 or 
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R = \/6|i2 ic\ . The result follows then by the classification results of [35] and 
|38j . see Theorem [1] in the Introduction. □ 

6. The associated singular Einstein manifold 

Let , g,V) be a static triple. As usual, we assume it has constant 
scalar curvature en{n — 1 ) for some e G { 1 , 0 , 1 }. 

Let be a small tubular neighborhood of dM diffeomorphic to [0, l)xdM. 
Given p £ U and the corresponding point (r, x) G [0,1) x dM, we write 
p = (r, x), for simplicity. Let Bf denote the open unit ball centred at the 
origin of and let = M/27rZ denote the unit circle. 

Let be the quotient set 

(5^ X (M \ dM)) U {Bf X dM)/ ~, 

where the equivalence relation identifies {6,p) G {S^ x {U \ dM)) with 
(r cos 9, r sin 9, x) G {Bl\{0}) xdM if p= (r,x). 

canonically inherits a structure of smooth manifold. {0} x dM is 
a codimension-two submanifold of Af which we can identify with dM C M. 

One can intuitively imagine as the manifold obtained by rotating 

M around dM. 

The map that associates to each 9o G the diffeomorphism of Af de¬ 
termined by {9,p) £ X (M \ dM) {9 + 9 q,p) £ x (M \ dM), 
p £ dM p £ dM is a smooth action of on Af whose set of fixed points 
is dM C Af. We denote by X G ff{Af) the vector field generating this ac¬ 
tion. 

For every 9 £ the map (j)Q : M ^ Af defined by p G M\dM i-)- {9,p) £ 
X (M \ dM), p £ dM I—)• (0,p) £ Bf x dM is a smooth embedding. It 
gives a natural identification between M and the space of orbits of the 5*^ 
action on Af . 

We denote by the open dense subset Af \ dM C Af. is naturally 
identified with x (M \ dM). Since V is positive on M \ dM, we can 
define a smooth Riemannian metric h on fl by the formula 

h = V^d9‘^ + g. (28) 

The maps (fo ■ (M \ dM,g) —)• (f},h) are then isometric embeddings. 
Moreover, the vector field X is orthogonal to every hypersurface 4>0{M\dM) 
and such that |X|o (/)0 = V on M\dM. These conditions uniquely determine 
the metric h. 

A computation in coordinates shows that the Ricci tensor of h is given by 
Rich{X,X) = - h{X,X), 

Rich{X,Z) = 0, 

RichiY, Z) = Ricg{Y, Z) - ^{HesSgV){Y, Z), 
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where Y, Z are tangent to M. Since ^ is a static potential and has 

scalar curvature en(n — 1), the metric h is Einstein, 

Rich = enh. 

It is also a straightforward computation to verify that X = de is a Killing 
vector field, i.e., that the action described before is an action by isome¬ 
tries. 

To understand the behaviour of the metric h near a connected compo¬ 
nent diM of dM, we introduce Fermi coordinates. Let s be the distance 
function to dM in {M,g) and let be a local coordinate system on a 

neighborhood IT of a point in diM. Using (x° = 6, = s,x‘^,x^) as local 

coordinates in J\f \ dM, we can write 

3 

h = {ds^ + k^s^dO'^ + ^ gij{0,x'^,x^)dx^dx^) + E, (29) 

*,i=2 

where ki denote the constant value of |VU| on d^M and \E\ < Cs^ for some 
constant C > 0. Indeed, using the fact that dM is totally geodesic and 
Proposition [TJ we obtain the expansions 

gij{s,x^ ,x^) = gij{id,x^ ,x^) + 0{s^) and V{s,x^ ,x‘^) = kiS + 0{s‘^). 

We remark that Eia = E{ds,d^A) = 0 for all A = 0,1,2,3. Moreover, 
the coefficients of E in this coordinate system depend only on the coordi¬ 
nates x^ = s,x‘^,x‘^ and have a Taylor expansion in s as s goes to zero with 
coefficients that are smooth functions of the coordinates x'^,x^. 

Equation (1291) has the interpretation that near a connected component 
diM of the singular set dM C M, the metric h has the structure of cone met¬ 
ric with link S^{ki) (the circle with length 2-71/cj, a number sometimes called 
the cone angle) along the codimension-two smooth submanifold {diM, ggM), 
up to a perturbation. Metrics with this singular behaviour has been already 
described and studied in the literature. We refer the reader to m (see their 
definition of singular Riemannian metric), [9] (where the singularities are 
called of “edge-cone” type) and to the more general notion of iterated edge 
metrics on iterated edge spaces used in [T] (see also m)- 

Summarizing up, the manifold endowed with the Einstein edge met¬ 

ric h and the action by isometries generated by the vector field X, which 
is everywhere orthogonal to the orbit space {M^,g), vanishes on the singu¬ 
lar set dM and has norm V, will be called the associated singular Einstein 
manifold to the static triple {M'^,g, V). 

We proceed with a description of some topological and geometrical prop¬ 
erties of the associated singular Einstein manifold. 

is compact if and only if M" is compact, and it is simply connected 
if M and dM are simply connected (by Van Kampen’s Theorem). When 
Jif is compact, since the vector field X G X{M) does not vanish on fl, AA 
and dM = {X = 0} have the same Euler characteristic (one can argue as in 
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[36]). When Af is oriented, X i—)• —X gives rise to an orientation inverting 
diffeomorphism. 

The metric h = V‘^d9‘^ + g extends smoothly to a component diM of 
dM C AA if and only if there exists a smooth function U : [0, y/g) x d^M ^ 
[0, +oo) such that U{0,p) = 1 for all p G dM and V{s,p) = sU{s^,p) in the 
Fermi coordinate system [0, g) x diM (see [TO], 9.114). A necessary condition 
is that ki = |V14| = 1 on d^M. This condition is usually stated to be also 
sufficient (see [T^j or m)- When h extends smoothly to all Af, {Af, h) is an 
example of the Einstein manifolds studied in [52j . 

We emphasize that, in general, equivalent static triples with the same 
scalar curvature give rise to geometrically distinct associated Einstein man¬ 
ifolds. In fact, the orbits of the action will have different lengths if the 
static potentials are proportional by a factor A / 1. 

When dM is compact it is possible normalize the static potential V in 
such way that |VE| < 1 on dM. This means that in this situation, to study 
{M'^,g,V) one can work with an edge space {Af^^^^h) such that all cone 
angles are less than or equal to 27r. 

Since (M, g) is complete, Af endowed with the distance function induced 
by /i is a complete length space and the Hopf-Rinow Theorem holds (see 
[48] , Section 2.4). In particular, Af is compact if and only if {Af, h) has finite 
diameter. 

The structure of the metric h near the singular set clearly implies that 
geodesics realizing the distance between a point in Af and a component of 
dM meets dM orthogonally. The proof of this fact is essentially the same 
as the proof of the Gauss’ Lemma. 

For the computation of the volume of an associated singular Einstein 
manifold {Af'^~^^,h) to a compact oriented static triple with scalar curva¬ 
ture R = n{n — 1), the singular codimension-two set dM is negligible. The 
relation between the volume element of h and the volume element of g is 
dph = Vd 6 f\ dpg. Hence, Eubini’s theorem and the static equations yield 


|A^| = / [ d/i/j = 27r / Vdpg = -—[ AVdpg = 

Jo Jm Jm ^ Jm 


= — I g ) dag = -J 2 h\diM\. 

n .loM V |VE|y n 


VF A 


27r 


Each function cf on M"' corresponds to a function on Af^~^^ invariant under 
the action. For the sake of simplicity, we make no notational distinction 
between them. If if £ C°°{M), a direct computation in coordinates shows 
that V Ahijj = V A gif + g{X gV,if) = divg{W gif) in H. 

In the four-dimensional case, the Riemann curvature tensor of the Einstein 
metric h is determined by the Weyl tensor W of h. An explicit calculus in 
coordinates shows that W depends only on the Ricci tensor of the metric g. 
In fact, if {e^ = V~^d 0 , e^, e^, e^} is an orthonormal basis of TpJ\f, p G H, all 
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the components Wabcd vanish except 

^^ijki — {RiCg Q g'jijkij W^iQjQ — (yRiCg)ij for A), / — 1,2,3. 

When is oriented, considering W as a symmetric endomorphism of the 
space of two-forms on M and its usual self-dual/anti-self-dual decomposition 
W = -|- W~ (see m), one can also show by a direct computation that 

\W+\l = \W-\l = \Ricg\l. 

In fact, W~^ and —Ricg have the same set of eigenvalues. We will use 
these facts about W in the last sections. 

As a final remark concerning the four-dimensional case, we can now unveil 
the origin of the Bochner type formula (1181) in a static triple {M^, g,V): it 
is just the Bochner formula for the self-dual part of the Weyl tensor of the 
Einstein metric h = + g (see [30], Formula 1.3). 

We finish our description of the associated singular Einstein manifolds to 
static triples by giving some examples. 

1) Given the unit hemisphere {S^, gcan,V = Xn+i), the associated Einstein 

manifold is the unit round sphere ,gcan)- The action is generated 

by rotations in the plane {xi = ... = = 0} C 

2) Given the standard three-dimensional cylinder over S'^ with scalar cur¬ 
vature 6, the associated Einstein manifold is the product 

(S' X S , ~{gcan T QaanY)- 

The action is generated by rotations of a 5^ factor around a hxed axis. 

3) Any Schwarzschild-de Sitter space of positive mass m has the property 
that the norm of the gradient of its static potential attains different values 
on different boundary components. No rescaling of V can remove the singu¬ 
larities of the associated Einstein manifold, which is, topologically, S'^ x S'^. 


7. Topology of compact static three-manifolds with positive 

SCALAR CURVATURE 

The topology of three-dimensional static triples {M^,g,V) can be stud¬ 
ied using area-minimizing surfaces which can be produced in mean-convex 
manifolds by variational methods if the topology of M is sufficiently compli¬ 
cated. For, as we will see, locally area-minimizing surfaces exist in M \ dM 
only in exceptional cases. 

Let {M^,g,V) be a compact static triple. Let TY be a compact surface 
and ()) : S —>• M a proper embedding, i.e., an embedding of S in M such that 
n dM = (j){dTi). Sometimes we identify S with its image in M. We 
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will frequently assume that S is two-sided, i.e., that there exists a smooth 
unit normal vector field on S. 

Let {M,g) := (M \ dM, V~‘^g). Since M is compact, V vanishes on dM 
and |Vy| is a positive constant on each boundary component of M, {M,'g) 
is a conformally compact Riemannian manifold. These Riemannian mani¬ 
folds have bounded geometry [3], i.e., they have positive injectivity radius 
and the Riemann curvature tensor and all of its covariant derivatives are 
bounded. This allows one to consider, for some small <5 > 0, the smooth 
flow : [0, (5) X E —>• M of S with normal velocity V, 

= V{<^t{p))Nt{p) for all p G S, $o = 0- (30) 

In fact, (l30]l is just the flow of S in {M,g) by equidistant surfaces, which 
is smooth if 6 is less than the injectivity radius of {M,g). 

The surfaces d>t(E), t G [0,(5), are compact properly embedded surfaces 
in {M,g) with the same boundary as S, since V vanishes on dM. 

We show that the flow (1301) starting at a minimal surface typically de¬ 
creases the area (compare with [16], Proposition 3.3, and (JOj, Lemma 2.4). 
More precisely, we prove the following. 

Proposition 14. Let {M^,g, V) be a static triple with scalar curvature R = 
6e, e G {—1, 0,1}. Let Eg be a compact properly embedded two-sided minimal 
surface in {M^,g) and choose Nq a smooth unit normal vector field on Eq. 

Let t G [0,5), be the smooth normal flow with speed V starting at Eq 
defined by Write Et = <hf(Eo). Then 

t G [0,5) !-)■ |Ei| 

is monotone non-increasing. When t i—>■ |Et| is constant, 
i) If E is closed, then 

$ : ([0,5) X Eo, {V o ^fdt^ + 5Eo) ^ (M, g) 

is an isometry onto its image W C M. Moreover, (Eo,S'Eo) (con¬ 
stant Gaussian curvature K = 3e and V is constant on each Et, so 
that g on W is isometric to the product metric ds'^ + g^.^ ■ 

ii) If dT, is not empty, then e = 1 and 

CD : ([0, 5) X (Eo \ 9Eo), (R o ^fdt^ + ffEo) ^ (M, g) 

is an isometry onto its image W C M\dM. Moreover, (Eo,5Eo) is 
isometric to the round hemisphere {S\,gcan) with Gaussian curva¬ 
ture K = 1 and V restricted to Et is a static potential, so that g on W 
is isometric to the constant sectional curvature metric -|-g'Eo • 

Proof. Let Ht = —HtNt define the mean curvature Ht of E^. The variation 
of Ht is given by dtHt = By Proposition [O] 

dtHt = g{VV,Ht) - |Ai|V < -g{VV,Nt)Ht. 
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Since Hq = 0, Gronwall’s inequality implies that -fft < 0 for every 
t E [0,(5). By the first variation formula of area for variations that fix the 
boundary dY^t = OYq, this implies that f E [0,(5) i—)• |Sf| is non-increasing. 

If t E [0, 6) I—7> |St| is constant, the previous analysis implies that each S* 
is totally geodesic. It follows that each iYf,gT,t) is isometric to (So,5so)- 

Denote by V) the restriction of V to Since each S* is totally geodesic, 
using the general formula for the variation of the second fundamental form 
of a surface Y under a normal variation with speed ip, 

dtAij = -ipRiNjN - {HessY,ip)ij + 

we deduce that on each Yt we have 

HessMX^Y) = -g{R{X,Nt)Nt,Y)Vt 

for every pair of vectors X,Y G TYt. Given an orthonormal basis {X, Y, Nt} 
of tangent vectors at a point in the totally geodesic surface Yt, we have 

^Hess^^VtiX,X) = ^HessVt{X,X) = Ric{X,X) - 3e 
Vt Vt 

= sec{X A y) -|- sec{X A Nt) — 3e 

= Kt + g{R{X,Nt)Nt,X)-3e 

= {Kt-3e)-yHessVt{X,X). 

Since X E TYt is arbitrary, we conclude that V) is a non-negative smooth 
function on Yt that satisfies 

Hess^Vt = ^{Kt - 3€)Vtg and Vt = 0 on dYt. (31) 

If dYt is empty, the existence of a positive solution to (ISTI) implies Kt = 3e 
and Vt constant. If dYt is non-empty, one must have K = e = 1 and Vt is a 
solution to the static equation on See Appendix B for a proof of 

these facts. The last statements of i) and ii) follows by a reparametrisation. 

□ 

The next proposition exemplifies how one can combine Proposition [T3] 
and the existence of area-minimizing surfaces to study the topology of a 
three-dimensional static triple in a quite effective way. 

Proposition 15. Let {M^,g,V) be a compact static triple with non-empty 
boundary. The inclusion map i : dM —)• M induces an injective map : 
Tri{dM) —)■ 7ri(M) between the fundamental groups. 

Proof. Let [T] E TTi{dM) be such that L[r] = 0 in 7ri(M). We may assume 
that T is a smooth embedded closed curve. We want to show that T bounds 
a disk in dM. 

Since T bounds a disk in M and (M^, g) is a compact mean convex three- 
manifold, there exists a solution Yq to the Plateau problem for this given P 
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[44| . i.e., So is an disk in M with 9S = F such that 

|So| = inf{|S|; S immersed disk in {M^,g) with 5S = F}. 

In [33] it is also shown that any solution is an embedded minimal disk 
S, with boundary dT, = F, which is either contained in dM or properly 
embedded in M. In the first case [F] = 0 in ■Ki{dM). Therefore it remains 
to be analysed the case where Sq is a properly embedded disk in M. 

Since V vanishes on F C dM, the flow (pH]) . with normal speed 

V starting at Sq, is such that dT,t = F for all t G [0,(5). Thus, |Si| > |So|, 
as So is a solution to the Plateau problem. By Proposition [Ml the opposite 
inequality also holds. Thus, each S^ is also a solution to the minimization 
problem we are considering and the statement ii) in Proposition [14] holds 
true. 

To finish the proof, one uses a continuation argument. Let T > 0 be the 
maximal time in which the flow (|30l) exists and is smooth. By the above 
argument, we are in the situation described by Proposition 1141 item ii). We 
claim that T = +oo. In fact, the surfaces T,t\d'St never touch the boundary 
of M in finite time (for it would imply that (M \ dM, V~‘^g) is incomplete) 
and, if T < +oo, a sequence with ti ^ T would be a sequence of 
Plateau solutions converging to another solution to the Plateau problem for 
F (which is smooth and properly embedded by [33]) and it would be possible 
to continue the flow beyond T. 

Now we do the same argument flowing in the direction of the opposite 
normal. In the end, we have obtained an isometric embedding of (jS)!. \ 
dS\,gcan) in {M\dM,g). In particular, M is diffeomorphic to And in 
this case, obviously [F] = 0 in TTi{dM), as we wanted to prove. □ 

Remark 7. There are oriented static triples {M^,g,V) with negative scalar 
curvature and non-spherical boundary components, see [40]. It is interesting 
to observe that essentially the same proof as above gives a similar result for 
the non-compact static triples considered in that paper. 

We have now all ingredients to prove Theorem B. 

Theorem 16. Let {M^,g, V) he a compact oriented static triple with positive 
scalar curvature. Then 

i) The universal cover of M is compact. 

ii) If dM contains an unstable component, then dM contains exactly 
one unstable component. In this case, M is simply connected, 
in) Each connected component of dM is diffeormorphic to a sphere. 

Proof. As usual, we may assume R = 6. 

i) Since M is compact, |VP| + attains its maximum, necessarily at 
a boundary component diM (Proposition [5]). By Proposition [8l diM has 
Gaussian curvature K > 1 and therefore is diffeomorphic to a two-sphere. 
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This implies that the boundary of the universal covering M has also a com¬ 
ponent diM diffeomorphic to a two-sphere (in fact, every component cov¬ 
ering diM satisfies this property). Now, any point in the regular set of the 
associated singular Einstein manifold h) can be joined to the compact 
set diM by a geodesic minimizing the distance of p to diM and touching 
this hypersurface orthogonally. Estimating the distance to the first focal 
point as in the classical proof of Bonnet-Myers theorem, we conclude by 
the generalization of the Hopf-Rinow theorem to the singular space h) 
dSH], section 2.4) that J\f must be compact, as any of its points must be at 
distance at most 7r/2 from the compact set diM. 

a) We apply the results of the Geometric Measure Theory [23] about the 
existence of minimizers of area inside an integral homology class. By i), with¬ 
out loss of generality we can assume M is simply connected and show that 
dM has exactly one unstable component. {M,g) cannot be the standard 
cylinder because it contains by hypothesis at least one unstable boundary 
component, duM. We remark also that all embedded closed surfaces in M 
are two-sided (as M is simply-connected) and that we can assume [duM] ^ 0 
in i4^(M;Z) (otherwise, dM = duM). Since the standard cylinder is ruled 
out, arguing as in Proposition [15] using [23| and Proposition 1141 item i), one 
shows that the minimization of area in the homology class of duM produces 
a smooth embedded oriented stable minimal surface (possibly disconnected 
and with multiplicities) homologous to duM that must be contained inside 
dM. Clearly, no connected component of such surface is contained in an 
unstable component of dM. Reasoning on the homology relations between 
the boundary components as in [40|, Lemma 3.3, the existence of an unsta¬ 
ble component other than duM leads to a contradiction. 

in) Each stable component of dM is diffeomorphic to a sphere because 
M is oriented and has positive scalar curvature [53]. On the other hand, if 
there is an unstable component of dM, M must be simply connected by ii). 
The conclusion follows from Proposition 1151 □ 


To conclude this section, we describe the two static triples that can be 
obtained from the standard cylinder. They are the only static quotients of 
the locally conformally flat examples described in Theorem [1] 

Given 

{M\g,V)={^ 

the maps 


TT 

"'75 


^ ^ 1 9prod — dt ^gcani ’ 


Ai : (t, x) G M i-A (t, —x) G M, 


A2 : (t, x) G M I-)- 




G M 


are isometric involutions without fixed points such that Vo Ai = V, i = 1,2. 
Hence, the quotients {M^,g,V)/Ai, i = 1,2, are static triples. 

Ai inverts orientation and the first quotient M/Ai is diffeomorphic to 
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[0,7r/\/3] X MP^. On the other hand, M/A 2 is oriented, contains an em¬ 
bedded copy of MP^ and has a connected boundary diffeomorphic to (in 
fact, M/A 2 is diffeomorphic to MP^ minus a ball). The associated Einstein 
manifolds are both isometric to the standard product 

{ S ^ X MP^, ^{gcan + 9 can )), 

but the corresponding actions are generated by rotations around a fixed 
axis of different factors of S'^ x MP^: 5^ in the case of (M, g, V)/Ai, MP^ in 
the case of {M,g,V)/A 2 . Remark the subtle fact that, despite M/A 2 being 
orientable, the associated Einstein manifold to M/A 2 is non-orientable. 

8. Solution to a Yamabe type problem 

Given {M^,g, V) a compact static triple with scalar curvature 6, we con¬ 
sider (AA^, h) the associated singular Einstein manifold (as described in Sec¬ 
tion 6). As before, we denote by the open dense subset of N where the 
Riemannian metric h is defined, i.e., Q. = N \ dM. 

The metric h is Einstein with scalar curvature 12. Let be the 

norm of self-dual part of the Weyl curvature tensor of h. As remarked be¬ 
fore, |lT+|h = \RiCg\g. 

We consider the equation 

- ^hU + ]:{l2-2VQ\W+\h)u=\xu^, (32) 

D D 

where A is some constant. As showed in m, the right hand side defines a 
second order differential operator that has some conformal covariance prop¬ 
erties. To explain the geometric relevance of (j32|) . we observe that a positive 
function u G (7^(11) that solves (1321) gives rise to a conformal metric h = v?h 
in Q, such that 

R-2V&\W^\f^ = A 

is constant (see [30]). 

The aim of this section is to prove that, except in the case where W~^ = 0, 
there exists for some non-positive A a mildly regular solution to ([3^ in 
(AA^, h) that is invariant under the action on M. 

Theorem 17. Let (AA^, h) he the associated singular Einstein manifold to 
a compact static triple with positive scalar curvature {M^,g,V) that is not 
equivalent to the standard hemisphere. 

There exists a constant A < 0 and a positive function cf G W^’^(A^) n 
invariant under the action on M, that is a weak solution to 
LSWl . Moreover, cj) G n for some /i,a G (0,1) and 4> is a 

strong solution to 1,9111) in fl. 

We remark that the Sobolev space IT^’^(A^) is the completion of (7^(11) 
with respect to the usual Sobolev norm. 

In order to deal with this modified Yamabe problem in the singular space 
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we apply the machinery developed by Akutagawa, Carron and 
Mazzeo in [T] to solve the Yamabe problem in singular spaces. In fact, 
once we reformulate the problem considering the required S'^-invariance of 
the solution, the proof of Theorem [T3 is essentially the same proof of The¬ 
orems 1.12 and 1.15 in [T], combined with the regularity results of [2]. 

As in the study of the classical Yamabe problem, one uses the variational 
approach. Consider the functional 

A + 5(12 - 2V6\W+\)4,^d^, 

defined for every function cj) E IT^’^(A^), (j) ^ 0. This functional is well- 
defined because the usual Sobolev embedding C L^{M) holds 

in (see [T], section 2.2). It is straightforward to verify that W is 

bounded from bellow. 

Let A denote the set consisting of functions in IT^’^(A^) that are invariant 
under the action on (A^^, h). If E A is not identically zero, we have 

W[4>) = (27r) ' - -. 

(Jm ^d,fj,g) / 

Now we define 

[h]) := inf{>V((/)); 0 E A, (() > 0, 0 / 0}. 

A non-negative function cj) ^ A attaining the infimum [h]) has to 

be a weak solution of the following equation in (M^,g): 

- diVgiVV^) + i(12 - 2V6\RiCg\g)VcP = [h])V(t)^ (33) 

This is precisely equation (13211 for the 5^-invariant function cj) G A, where 
A = {Af, [h]). It is a quasi-linear degenerated elliptic equation (see 
Appendix C for more information about this type of degenerated equation). 

We hrst argue that the Yamabe type invariant {Af, [h] ) is non-positive. 
The next proposition contains the key inequality, which should be compared 
with the refined Kato inequality for Codazzi tensors |15] . 

Proposition 18. Let {M^,g,V) be a static triple. At a point p E M where 
Ric does not vanishes, 

\V\Ric\\^ ( 34 ) 

The proof is postponed to the Appendix A, where it is shown more gen¬ 
erally that a similar inequality holds true for every symmetric two-tensor 
that has constant trace and zero divergence. 

Following [30], Proposition 3.4, the idea to prove that {N, [h]) is non¬ 
positive is to manipulate the Bochner type formula (I18|l to get rid of the 
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gradient terms using the refined inequality (f 8 l|) . To a systematic recent use 
of this idea, we refer the reader to the beautiful paper m- 

Proposition 19. Let {M^,g,V) be a compact oriented static triple with 
scalar curvature R = 6. If Ric on M, then 

inf [ + (12-2V6\Ric\)(j)Avdfi„<0. 


Proof. For each e > 0, we consider a suitable power of the positive smooth 
function and take the limit as e goes to zero. 

By hypothesis, is not constant. Given p > 0, 

div{VV{(f)P)) = pdiv{(f)P-\VVcl),)) 

= pfP-^diviVVcff) + p{p - 1 )P(/)P- 2 |V (/),|2 
= pci)P-\(j),diviVVf),) + ip- 1 )P| V(/),p) 

= pcfP-^(^div(^^^^^^+ip-2)V\Vcf,\^y (35) 

Since V(|i?icp) = V(0g) = 2(/)eV(/>e, at a point where \Ric\ 7 ^ 0 we have 

< |v|ffic||2. 

4:4>i |i^^c|2 + e 

By Proposition [181 we conclude that 

|V,^,|2 < ^ (^|Vi?fc|2 + . (36) 


Inequality ([M]l holds even at a point where Ric = 0, since at such point 
(fe attains a minimum. Combining (j35[) . the Bochner type formula (jl 8 [) and 
inequality (i36]l . we obtain 


div{VV{f)P)) > pf)P~'^V ( 6 |ffic|^ + l8det{{Ric)'-^ +[f-+p-2] |V0, 


Choosing p = 1/3, the last term vanishes. Recalling inequality (|27p . we 
finally obtain 

div{yV{(f\/^)) > \v{<o - VQ\Ric\)\Ric\^(t>f^/^. ( 37 ) 

o 

Multiplying (l37)l by the (fj G C°°{M) and integrating by parts, we have 


IM 


(3|V(((),^/^)|2 + (6 - V6\Ric\)\Ricff)f^/^)Vdfig < 0. 


Hence, for all e > 0, 


[ (3|V(</.y3)|2 + (6 _ VG\Ric\)(<fy^)^Vdfag 

J M 

< [ (6-V6\Ric\)^f^/^if)‘i-\Ric\‘^)Vdng<Ce^/^ 

Jm 
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for some constant C > 0. The proposition follows. □ 

Proposition [19] implies that 

[/i]) < 0 

when the compact static triple {M^,g,V) is not equivalent to the standard 
hemisphere. 

Now, following [T], for each open setUcM we set 

siu) = inf{ / \v^cp\ldgh-, G n fi), ml = 1}, 

Jn 

W{U) = ^ G n fl), \\ct>\\l = 1}, 

and define the local Sobolev and the local (modified) Yamabe constant by 
Si(Af,h) = inf lim r)) and WAN Ah]) = inf lim r)). 

pSYr^O p&Af r-1-0 

Accordingly to [1], 

Se{Af,h) = We{Af, [/i]) > 0, 

see Lemma 1.3, Proposition 1.4 and Theorem 2.2 in [T]. The explicit value 
of the local Sobolev constant of an edge space like {Af^,h) was computed 
in [46]. At this point, it may be useful to remark that Rh — 2y/Q\W~^\h is a 
bounded function on M (in fact, it is a Lipschitz function) so that all condi¬ 
tions iv) a), b), c) described in [T] for Scalg (their notation) are satisfied by 
Rh — 2m>\W^\h- It is straightforward to verify that their arguments apply 
for such modified potential instead of Scalg. 


With this information at hands, we now sketch the proof of Theorem [T7| 
(see [1], proof of Theorem 1.12). The idea to obtain a solution to (1331) is 
first to produce minimizers (j)p £ A of the modified functional 




Jj^\y’^^\l + Ul2-2V6\Wm4>^dgh 
(/y 


in the space of non-negative functions cj) £ A such that ||())||p^2p/(p-2)(_y^) = 1 
by the direct method of the calculus of variations and then, using a priori 
estimates, obtain a sequence 4>p^ with pj —>■ 4 converging to a function cj) £ A 
such that {Af, [h]). 

In [T] it was shown that this approach works if the local Yamabe invari¬ 
ant is strictly greater that >V^(A^, h). Since we proved {Af, h) < 0, the 
proof of Theorem 1.12 in [T] applies. 

The conclusion is that there exists a weak solution cj) £ W^’'^{Af)r\L°°{Af) 
to (|33|1 that is non-negative and invariant under the 5^-action. The posi¬ 
tiveness of (p follows by [T], Proposition 1.15. Concerning the regularity of 
the solution, the regularity on 11 follows by standard results for quasi- 
linear elliptic equations |28j and the Holder continuity on Af follows by [2]. 
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We conclude this section with a remark concerning the Yamabe problem 
on (AA^,/i). We claim that the Yamabe constant of (A/'^,/i), 


yi^Ah]) 


+ ‘^A^dfih 

WevuL2(At);.0^o} 


is positive. In fact, suppose by contradiction that Y(AA, [/i]) < 0. Since the 
local Sobolev constant of is positive, Theorems 1.12 and 1.15 of [T] 

implies the existence of a positive function ^pQ G H that 

satisfies [/i])'i/’o weakly in M. Thus, V'o > 0 satisfies 

an equation of the form —AhYo + GtpQ = 0 for some positive function G and 
we have | < 0 , a contradiction. 

In particular, the solution (p obtained in Theorem [T7] is such that the 
integral of the scalar curvature of the metric h = (fAh is positive, since by 
the definition of the Yamabe constant, Rd^f^ > y{J\f, [/i])||</>||^ 4 (^) > 0. 
This remark will be used in the next section (see Proposition 121 p . 


9. Proof of Theorem C 

We start with two propositions that are the key results needed for the 
proof of Theorem C. The first one is a version of the Gauss-Bonnet-Chern 
formula. 

Lemma 20. Let be an oriented associated singular Einstein mani¬ 

fold to a compact static triple {M^,g,V) with positive scalar curvature. 

Given u G n C°° (int{M)), consider the Riemannian metric h = 

u^h = u^iy‘^d6‘^ + g) on 11. Then the singular space h) is such that 

^ ^ In ^ ^ ^ i (38) 

where ki denotes the constant value of |VY| on a connected component of 
dM = diM U ... U drM for all i = 1,... ,r. 

Proof. First, we study the behaviour of the metric h = u^h = u‘^{V‘^d6‘^ + g) 
near its singular set dM. In order to do this, we introduce Fermi coordinates 
on M with respect to the metric g = u'^g. Since by hypothesis this is a 
metric on M, the normal exponential map of dM is only of class G^. 

Let s and s denote the distance function to the boundary dM in {M^,g) 
and {M^,g), respectively. Let x = (x^,x^) be local coordinates in dM. 
We have s{s,x) = u{0,x)s + O(s^). Since Y(0, x) = 0 and clsY(0, x) = ki 
at a point (0,x) = (0,x^,x^) belonging to the connected component diM 
(Proposition [7|), we also have 

{uV){s,x‘^,x^) = (u(0, x) + O(s))(clsY(0, x^,x^)s + 0(s^)) = hs + O(s^). 
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Using the local coordinates = 9,x^ = s, near diM, we conclude 

that h = [uV^dO'^ + g has the expansion 

3 

hij{s, x‘^, x^) = ds^ + kfs^dO'^ + ^ gij{^,x^,x^)dx^dx^ + 

i,j=^ 

3 3 

+ 2 Aij{0,x‘^,x^)sdx'^dx^ + Gij{0,x'^,x^)s‘^dx^dx^ + E, 

i,j=2 i,j=2 

where A{0,x‘^,x^) is the second fundamental form of dM in (M^,g = u'^g) 
at X = (0,Moreover, the remainder E satisfies \E\ < Cs^ for some 
constant C > 0 and E{ds, O^a) = 0 for all ^ = 0,1, 2,3. 

Thus, h is singular in the sense of m- Accordingly to [4T] (compare with 
IS]), a Gauss-Bonnet-Chern formula holds for the singular space h) and 
is given by 



= 47r2(y(A^) - x{dM) + ^ kix{diM)). 

i=l 

In the above formula |IU|^, denotes the norm of the Weyl tensor W. Con¬ 
sidering the self-dual/anti-self-dual decomposition W~^ + W~ of W viewed 
as a symmetric endomorphism of the space of two-forms, we have |IU|| = 
4(|IU+|| + |IU-||). 

As observed in Section 6 , and the fixed point set of the action on 
Af, i.e, dM, have the same Euler characteristic. Moreover, since the map 
9 i-A —9 is an orientation inverting isometry of {Af^, h), |IU|| = 8 |IU'’“||. By 
Theorem B, in), each connected component of dM is a two-sphere. Formula 
(|38|) follows. □ 

Remark 8 . The associated singular Einstein manifold {Af^,h = V^d9^ + g) 
itself is such that 

RhdfJ‘h = ‘^'^'^\diM\ and [ |IU+||d/x/, = 27r / \Ricg\lVdgg. 

48 Jjg- Jm 

Thus, formula (138)) for {Af‘^, h) is precisely the fundamental formula ([9]) for 
{M^g,V) (see Proposition ED. This curious observation can be used to give 
a different proof of the above lemma using only the conformal invariance 
of the Weyl term in (I38D and the conformal transformations laws of the 
Q-curvature (for the definition and properties of the Q-curvature, see for 
example m)- 

The second key proposition is a consequence of the existence result The¬ 
orem [T7] (compare with [30], Proposition 3.5). 


30 


LUCAS AMBROZIO 


Proposition 21. Let be the associated singular Einstein manifold 

to a compact static triple {M^,g,V) with positive scalar curvature. Assume 
that {M^,g,V) is not equivalent to the standard hemisphere. 

Then 


inf 

h=u^h, u>0 . 


[ R^dgi-^ < 24/1 

JM JN 


liy- 


\h^hh- 


Moreover, assume the equality holds. Let (f he the solution to the modified 
Yamabe problem given in Theorem [73 Then E C°°{M) and the metric 
h = (jfih on LI is such that R = 2y/Q\W~^\j^ is a positive constant. 


Proof. By Theorem 1171 there exists a Riemannian metric h = (jfih on Ll = 
M \ dM, where 4> E C^{M) n {int{M)) is positive, such that 

R-2Vq\W^\-^ 


is a constant A < 0. Multiplying by R and integrating on M, we obtain 

[ R^dpLf^ = 2 V 6 f R\W^\~^dfj.f^ + -^ / Rdp.f^ 

Jn Jm Jn 

< 2V6{I^R^dfVf^)^/\J^\W+\ld^if^)^/^ + xJ^ 

As remarked in the end of the previous section, Rdfif^ > 0. Therefore 

[ R^dfif^<2A[ \W+\l^iaf^= [ \W^\ldLh, 

J J\f J J\f J J\f 

and equality holds if and only if A = 0. The last equality follows from the 
conformal invariance of \W~^\‘f^dfih in dimension four. 

Since an approximation argument implies that 

inf / R^dp^ = _ inf / R^dpj^, 

h=v?h,u>0 JJ\f h=u^h,u>0 JJ\f 


we conclude that 

inf f R^dpj,^ < f R^dpf^ < j \W^\\dph- 
h=u^h.,u>{) J J\f J J\f J J\f 


If equality holds, then R = 2^/6\W^\f^ and the infimum of the functional 
h i-A on the set {h = fj'^h; E C^{M) n C‘^’°‘{int{M)),fi > 0} is 

attained by (j). Considering variations ht = + v E C^{int{M)), 

one can show that R must be constant (see [TO], 4.67). Therefore is 

constant and satisfies the equation 

-6divg{Vfi) + 12V fi = RVfi^. 

In Appendix C, we argue that (j) is smooth up to the boundary. The 
proposition follows. □ 
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We have now all ingredients we need to prove Theorem C. 

Theorem 22. Let {M^,g,V) be a compact simply connected static triple 
with scalar curvature 6. One of the following alternatives holds: 

i) {M^,g,V) is equivalent to the standard hemisphere; or 
ii) {M^,g,V) is equivalent to the standard cylinder; or 
Hi) Denoting by dM = diM U ... U drM the connected components of 
the boundary and by ki the value of |Vy| on diM, the following 
inequality holds 

r A T 

^ki\diM\ < 

i=l i=l 


Proof. Let h) be the associated singular Einstein manifold to (M^, g,V). 
Assume {M^,g, V) is not equivalent to the standard hemisphere. As a con¬ 
sequence of Proposition [211 there exists a positive function u £ C°°{M) such 
that h = u^h) satishes 

Moreover, we can assume equality holds if and only if R = 2y/Q\W~^\^ is 
a positive constant. 

Combining the above inequality with the Gauss-Bonnet-Chern formula 
([38l) for h), we conclude that 

\W"^\ld;ih>8Tr‘^^ki + ^ [ \Ric\ldg-^ > (39) 

Now, h = V‘^d9‘^ + g) satisfies 

/ \W+\ldpih = 27r / \Iiicg\lVdgg. 

Jn Jm 

By the fundamental formula ([9]) for {M^,g,V) (see Proposition [6| and 
Theorem B, Hi)), we also have 


ki\diM\ -\- 

i=l 



dfXg 


r=l 


Therefore 

i=\ 1=1 

If equality holds above, the conformally related metric h = u^h must 
be Einstein (by (13^ 1 and R = 2y/Q\W~^\j^ must be a positive constant. 
As shown in m, using the formulas relating the divergence of the Weyl 
tensors of conformally related metrics one can then conclude that u must 
be constant. Thus, the metric h = V^d9‘^ + g also satisfies Rh = 2y/Q\W~^\h, 
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that is, \RiCg\g = \/6. And then Theorem A implies that {M^,g,V) is the 
standard cylinder. □ 

Appendix A. An inequality for transverse trace-free tensors 

We prove a generalization of the refined Kato inequality for Codazzi ten¬ 
sors in three-manifolds (see US]). The proof is similar to m. Lemma 5.1. 
We hope this inequality will be useful in other contexts. 

Proposition 23. Let {M^,g) be a Riemannian three-manifold and T a sym- 
metrie 2-tensor which has constant trace and zero divergence. Denote by C 
the 'i-tensor defined by 

C{X,Y,Z) = VT{X,Y,Z)-VT{X,Z,Y) for all X,Y,Z £ X{M). 
Then, at every p ^ M such that \T\{p) 0, 


|v|t|| 2 < - |vrp + 




Proof. Let 61 , 62,63 be a local orthonormal referential that diagonalizes T 
at a point p £ M where |r| / 0. Then |V|Tp| = 4|Tp|V|T|p implies 

^ E( E = tL E(E 

' ' k=l i,j=l ' ' k=l i=l 

By Cauchy-Schwartz inequality, 

|V|r||2 < 1 ^ (40) 

k=l i=l i=l i,k=l 

Let A,B,C E {1,2,3} denote different indexes. Then 


Cbba + Ccca = '^Cii-A = '^Tii-A-'^TiA-i = d{tr{T))A-div{T)A = 0, 

(41) 


i=l 


i=l 


2=1 


by hypothesis. This implies 

Taa-,a = -Tbb-,a - Tcc-.a = -Tba-,b - Tca-,c, 

TbB;A = Tba-,b + Cbba, 

Tcc-,a = Tca-,c + CccA = Tca-,c — Cbba- 
Thus, rewriting inequality (I40p as 

3 

|v|T||2 <^(r2 ,^, + r|2, + r3y, 

2=1 

each of the above summand is of the form (a -|- 6)^ -|- (a — c)^ -|- (6 -|- c)^ for 
some a,b,c G E. Because of the algebraic identity 

(o -|- 6)^ -|- (a — c)^ -|- (6 -|- c)^ -|- (a — 5 -|- c)^ = 3(a^ Y b"^ Y c^). 
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we then conclude that 

|V|r|p < 2 i { T 2 i .^2 + ^31;3 + C'221) + + <^112 + ^32;3) 

+ 3 ( 1^223 + ^ 1 ^ 3 ;! + ^ 23 ; 2 ) 

= + - {{C221 + <^331) + (C'112 + <^332) + (^223 + C'113)) 

i^k 

= 2 X/ X/ 

i^k i^k i^k 

= 2 X] 2X] (^ 2 ) 

i^k i^k i^k i^k 

where in the last three lines we used (SD), the symmetry of T and the 
antisymmetry of C in the last two variables. The proposition follows by 
combining inequalities (1401) and (1421) . □ 

Appendix B. Solutions to an equation of type HessV = 0 

Let (M"', g) be a Riemannian manifold admitting a non-constant solution 
to the equation HessV = (AV/n)g. These manifolds have been classified by 
Kiihnel [37]. In this section, we consider a particular case of this equation 
on compact surfaces (S^,g), 

HessV = — ?)e)Vg, 

where K is the Gaussian curvature of (S,^) and e € { — 1,0,1}. It has 
appeared in the proof of Proposition [30] in Section 8. 

For completeness, we prove here the classification of positive solutions of 
this equations. The argument follows [25], Lemma 3. 

Proposition 24. Let {T?‘,g) he a closed surface with Gaussian curvature 
K and e € { — 1,0,1}. If there exists a positive solution V G C°°{M) of the 
equation 

Hess^y = \{K-2,e)Vg, (43) 

then V is constant and E has constant Gaussian curvature K = 3e. 

Proof. Taking the divergence of (|43ll . we obtain the following integrability 
condition, 

d{{K - e)V^) = 0. (44) 

Therefore K = cV~^ -I- e for some constant c. Integrating the trace of 
([43]), we have that c is positive, zero or negative if e equals 1,0 or —1, re¬ 
spectively. We analyse each case separately. 

If e = 0, then c = 0 and therefore K = 0 and HessV = 0. The theorem 
follows. 
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If e = — 1, then c < 0 and therefore K < —1. Using this and the integra- 
bility condition, we conclude that a point p G S is a critical point of K if 
and only if it is a critical point of V. Moreover, 

- la (K + 3)) . 

Hence, at a point pq G of absolute minimum of K, 

3c 

0 < AK(po) = -yj^(K(po) + 3) ^ K(po) > -3, 

since c < 0 and U is a positive function. Similarly, at a point pi G S of 
absolute maximum of K, K{pi) < —3. Therefore K = —3 and HessV = 0. 
The result follows. 

If e = 1, then c > 0 and therefore K > 1. We can assume S is homeo- 
morphic to the sphere 3“^. 

Suppose, by contradiction, that V is not constant. By m, the existence 
of a non-constant solution V to the equation 

HessV = 0 


in a closed surface implies that V has precisely two non-degenerated critical 
points (the point of minimum pQ and the point of maximum pi), that V 
depends only on the distance to a critical point, and that the metric on 
^ \ {PoHi} can be written in the warped-product form 

2 


g = du^ + 


U"(o)y 


de^ 


where u G (0, n*) is the distance to po and 0 is a 27r-periodic variable (see 
m ). U is an increasing function of u defined on the interval [0, n*]. 

For the above metric, HesSgV = Vg, so equation (|l3]l is equivalent to 

2V" = {K-3)V = ^-2V. (45) 

This second order differential equation can be expressed in the Hamilton¬ 
ian form using the energy 

H{x,y) =y‘^ + -+x‘^ 

X 

ioi X = V > 0, y = V. Sketching the level sets, one can verify that the 
constant solution of (1451) corresponds to the point (x,y) = ((c/2)^/^,0) and 
that the solution V of (I45p originated in our problem is such that U(0) < 
(c/2)V3 < 

Now we use the Gauss-Bonnet theorem and the explicit expression of the 
metric to compute: 


dvr = 


p /*27r p 

/ KdA= / / 

Jt, 4o jo 


1 + 


V' 


U3J V"(0) 


dudO = 


2-k 


U"(0) 


V- 


2U2Jo 


By (145]) . we conclude that c = 2U^(u*). And this is a contradiction. □ 
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Proposition 25. Let {T?‘,g) he a compact surface with non-empty boundary. 
Let K denote its Gaussian curvature and let e G {—1,0,1}. Assume that 
there exists a non-trivial non-negative solution V G C°°{M) to the problem 

Hessj]V = ^{K — 3e)Vg in S, V = 0 in dT,. 

Then e = 1, S is isometric to the round hemisphere {S\,gcan) with eon- 
stant Gaussian curvature K = 1 and V is a static potential on (Tp'^g). 

Proof. The integrability condition (j44j) and the hypothesis that V vanishes 
on dT, implies that K = e on S. Taking the trace of equation (148 p . we obtain 

AF + 2eF = 0. (46) 

Hence, multiplying by V and integrating by parts on S using that V 
vanishes on dT one concludes that e must be positive. Therefore V ^ 
0 satisfies the static equations (l4^ and (l46p . since {Tp'^g) has constant 
Gaussian curvature K = e = 1. □ 

Appendix C. Regularity of solutions to a degenerated elliptig 

PROBLEM 

Given {M^,g,V) a compact orientable static triple, let {Af^,h) be its 
associated singular Einstein manifold. We want to study the regularity 
properties of a positive solution cf G n n C'^’°'{int{M)) to 

the Yamabe equation 

- Ahcf + 2<P = 203 (47) 

in the singular space {M^,h). Equation (1471) means that the conformally 
related metric h = fPh on M\ dM has constant scalar curvature 12. 

The first observation is that 0 G C°°{int{M)) by standard elliptic regu¬ 
larity [28]. The problem is to understand the behaviour of 0 near dM. In 
order to analyse this point, we first deduce some formulas in an appropriated 
coordinate system near dM. 

Let {x^ = s,x^,x'^) be Fermi coordinates on a small tubular neighborhood 
U = {p ^ M] s{p) = dg^ip) < ej of dM, where (x^,x^) are local coordi¬ 
nates on dM. We write Mg = (p G M; dgMip) = sj and use the subscript 
s to denote the geometric quantities related to Mg in {M,g). Using the 
fact that dM is totally geodesic in (M, g) and the expansion of V near dM 
(Proposition [7]), we conclude that the Laplacian of the metric h = V'^dO'^ -\-g 
takes the form: 

= (020 + A,0 + Hgdgf)) + ^0,0 + IgddiVdgf) 

= dg(j) -(- ~dg(j) -\- Ao0 -|- Q{4>), 
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where, for indexes i, j running through {1,2} and indexes A through {0,1, 2}, 
Ao(j) = x){didj(j) - rij{0, x)dk4>) and 

Q((^) = + Q^sdAcj) for E C°°([0, e) x dM). 

Hence, 

ds4>‘^ H— ds4> + Ao</> + Q{(p) = 2(^ — 2(j)^. (48) 

s 

Now, considering the metric h = s~‘^h for some smooth positive function 
s on M \ dM that coincides with the distance function to dM in Li, the 
function r] = s4> satisfies 

— Af^i] + Rr] = 2rf, (49) 

In the above equation, R denotes the scalar curvature of {M, h). Using the 
formulas relating the geometric quantities associated to conformal metrics 
(see [in]), one observes that = s^A^?] —2ds(V^r/) and that R E C°°{M) 
satisfies i? = —12 + O(s^) as s goes to zero. 

Since rj is invariant under the action on {M*, h), this equation reduces 
to a uniformly degenerated elliptic equation (in the sense of [29]) on the 
conformally compact manifold (M = M \ dM,g = s~‘^g). In fact, by the 
above formulas, we have 

s'^dsg — sdsg + s^Asg + Q^^sdAV = -Rg — 2g^ (50) 

6 

where Agg = g'^^[didj(j) — T^jdk4>) fo^' indexes i,j running through the set 
{1,2} and E (^““([O, e) x dM) satisfies = O(s^) as s goes to zero 
for all A E {0,1,2}. Observing that g = s<j), 4> £ C^’^{M) n C°°{int{M)), 
Schauder type estimates for g implies that </> = s~^g is such that is 

uniformly bounded for every multi-index a (see [29], Proposition 3.4). 

Accordingly to [T], one can go further and show that i) (p is in fact conor¬ 
mal (i.e., the derivatives d^cP^d^ 2 (p are bounded in M for all non-negative 
integers i,j,k)] and ii) has an expansion in s as a sum involving terms 
like log'^(s) where apg E C°°{dM). The reader will find general theo¬ 
ries about this kind of degenerated elliptic equation developed in [43] (the 
“edge-calculus”) and [6] (we also refer the reader to [7] , where some theory 
is developed in a very concrete situation). 

Using the information that cp has an expansion in s near dM, we compute 
it considering that cp satisfies 

dg(p -h -dgcp = F (51) 

s 

for F = F{(p) = 2(p — 2(p^ — A^cp — Q{<p) smooth on (0, e) x dM and such 

h (k) 

that s^ds F is bounded in M for all positive integer k. 

For every x E dM and every s E (0, e), there exists Cs £ (Ot) such that 
(p{s,x) = (p{0,x) + ds(p{Cs, x)s, by Taylor’s Theorem. Since (p is smooth on 
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the interior of M, from this formula for x i— (j){0, x) it follows that (j) re¬ 
stricted to dM belongs to C°°{dM). 

We will compute the expansion of cj) using the classical method of sep¬ 
aration of variables. We are grateful to Andre Neves for suggesting this 
approach. 

Let Aq = 0 < Ai < A 2 < ... denote the eigenvalues of the Laplacian Aq 
on {dM,gdM) and let be a L^-orthonormal basis of eigenfunctions, 

= 0 . 


For each s € (0, e), we can write 


+ 00 

4>{s,x) = ai{s)^i{x) where ai{s) = 
i=0 

The convergence of the above series is to be understood in the space 
L‘^{dM,dgh)- Since </> is smooth in the interior of M and continuous up to 
dM, we have that ai G ^^([O, e)) n e)) and, in fact, for all s G (0, e). 


/ 

JdM 


4>is,x)^i{x)dnoix). 


+ 00 


/-jk 

d^^'^(j){s,x) = ''^a\^\s)^i{x) where 


i=0 




Integrating (ISTI) against each ^i for each fixed s G (0, e) we conclude that 
each ai G C^([0, e)) n (^““((O, e)) satisfies an equation of the form 

a" -\ — a' — Xa = F (52) 

s 

for some constant A and a function F G s)) n C'°°((0,s)) depending 

on (j). In fact, a, satisfies ([5^ with A = A* -|- 2 and 


F{s) = Fi{(j)){s) = / {-2(f{s,x) - Q{(j)){s, x))^i{x)dfj.oix). 


IdM 


Lemma 26. Let k be a non-negative integer. If a G C'*^([0, e))nC°°((0, e)) is 
a solution to for some F G e))nC°°((0, e)), then a G C'^’''^([0, e)). 


Proof. We first explain the argument for A: = 0. We have 

{sa'y = Xsa + sF. (53) 


Integrating from d > 0 to s < e we obtain 

ta{t)dt + J tF{t)dt. 

Since a is bounded, lim^^o <^ci^(<^) = 0 (otherwise, a(s) would grow like 
I log(s)| as s goes to zero). Since a and F are bounded, we can take the 
limit as b goes to zero and conclude that, for all s G (0, F), 

a'(s) = — [ ta{t)dt -\— [ tF{t)dt. (54) 

s Jo s Jo 


sa'{s) — da'(6) ~ ^ J 
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In particular, lim^^o ck^(s) = 0 because a and tF are continuous. More¬ 
over for every 0<(5<s<e, we have 


a(s) — a(S) A 


s — 6 


s — 6 


rs 2 r'^ 

— ta(t)dtdu H-r — tF(t)dtdu 

Js u Jo s-5Js uJq 


so that taking the limit as <5 goes to zero we obtain 


a(s) — a(0) X 1 


pu 2 /*^ 1 

/ ta{t)dtdu -\— — tFit)dtdu = Ois). 

Jo s Jo u Jo 


It follows that a is differentiable at the origin and satisfies a'(0) = 0. 
Thus, a G C'^([0, e)). 

For every s G (0, s), integration by parts now gives 

/ ta{t)dt = ■^a(s) — - t^a'{t)dt. 

Jo ^ ^ Jo 

We claim that a similar formula also holds for the integral of tF(t). In 
fact, observe that tF'{t) is bounded (as before, we have lim^^o sF'{s) = 0). 
For every 0 < <5 < s < e, integration by parts gives 

tF{t)dt = (^jF{s) - jF{6)^ - i £ fFjt)dt. 

Using that F is continuous and tF'{t) is bounded, we can make 5 go to 
zero to obtain 


f 


tF{t)dt = ^ 


FF'{t)dt, 


as claimed. 

Differentiating (IMI) at s G (0, e), we obtain 


A 1 

a" (s) = —2 / ta{t)dt + Xa{s) -^ / tF{t)dt + F{s) 

s Jo 'S Jo 


= + ^F{s) + ^ ^ t^(Aa'(t) + F'{t))dt. 

Observe that, as s goes to zero, 

1;^ f + F'{t))dt\ < C{ sup |tQ;'(t)| + sup |tF'(t)|) —>• 0 

Jo te(o,s) tefo,s) 


Therefore, by continuity of a and F, lims^o®^Xs) = (Aa(0) + F(0))/2 
and, similarly, we obtain 


q;'(s) — a'(0) 


s 


^ = f [\xa{t)+F{t))dt + o{l), 
s 2s Jo 


so that a is differentiable at s = 0 with a''(0) = (Aa(0) -I- F(0))/2. Thus, 
a G e)) as we wanted to prove. 

For the general case, one can combine successive derivatives of (I54p and 
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integration by parts to prove by induction that for every z = 0,l,...,A: + 2 
and every s G (0, e), 

q;W(s) = X'^aja^^\s) + ^ 

j=0 j=0 

for some constants aj, bj and c,. Moreover, the last term behaves as o(l) as 
s goes to zero, is differentiable at the origin and 

i-2 i-2 

(0) = lim (s) = Aa* ^ (0) + +6* ^ (0) 

j=o j=o 

for every i = 0,1,... , fe + 1. The result follows. □ 

To prove the claimed regularity for the solution (j) G C^{M)r\C°°{int{M)) 
(see the end of Proposition EH), we have to observe that for every non¬ 
negative integer k, ai G C^([0, e)) for all non-negative i implies that F = 
F{(j)) G C^{M) n C°° (intM) and apply induction using the above lemma. 
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